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The ideal MHD theorem on the conservation of the magnetic connections between plasma elements
is generalized to relativistic plasmas in curved spacetime. The connections between plasma elements,
which are established by a covariant connection equation, display a particularly complex structure
in curved spacetime. Nevertheless, it is shown that these connections can be interpreted in terms of
magnetic field lines alone by adopting a 3 + 1 foliation of spacetime.
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I. INTRODUCTION
A fundamental property of ideal magnetohydrody-
namic (MHD) plasmas is that two plasma elements con-
nected by a magnetic field line at a given time will re-
main connected by a magnetic field line at any subse-
quent time. This idea, which was analysed in detail by
Newcomb [1] for non-relativistic and special relativistic
plasmas, has been the source of great insight into the
behavior of such plasmas.
The importance of the magnetic field line connectivity
stem from the fact that it imposes strong constraints on
the plasma dynamics, in addition to providing the basis
for concepts such as magnetic field line motion [1] and
magnetic topology [2]. The process of the magnetic re-
connection itself, which is thought to power some of the
most energetic astrophysical phenomena in the Universe
by allowing rapid magnetic energy conversion rates (e.g.,
Refs. [3–6]), relies on the local violation of these mag-
netic connections (due to non-ideal effects such as plasma
resistivity). Therefore, it is clear that the understanding
of the magnetic field line connectivity has significant im-
plications in a variety of astrophysical systems.
Fostered by recent extensive investigations on the dy-
namics of relativistic plasmas, the special relativistic for-
mulation of the connection concept was reconsidered by
Pegoraro [7], who showed how to cast this ideal MHD
property in terms of magnetic field lines alone by means
of a time-resetting procedure. Furthermore, it was shown
in Refs. [8, 9] that more general field line connections
can persist even in non-ideal relativistic plasmas, setting
important constraints on the plasma dynamics by for-
bidding transitions between configurations with different
connectivity.
However, one might wonder if the preservation of the
magnetic field line connectivity remains valid in the pres-
ence of significant gravitational fields. Examples of plas-
mas where general relativistic effects are important are
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those around black holes [10–15] or in early Universe
[3, 16–18]. In such cases, general relativity must be taken
into consideration in the plasma dynamics. Therefore,
the purpose of this work is to investigate whether the
magnetic connection concept can be applied to plasmas
in curved spacetimes. This is an important inquiry, as in
any astrophysical plasma where the gravitational fields
are relevant to the dynamics, the fundamental notion of
magnetic connection must be valid in order to properly
define magnetic reconnection.
In the rest of this manuscript, we will show that the
ideal MHD theorem on the preservation of the magnetic
connections can be extended to plasmas in a general
curved spacetime. This proof allows us to set the ba-
sis for the definitions of magnetic topology and magnetic
reconnection in high-energy plasmas where general rela-
tivity is important.
II. CONNECTION EQUATION IN CURVED
SPACETIME
The ideal Ohm’s law for plasmas in curved spacetimes
is given by the relation
UνFµν = 0 . (1)
While this equation looks like its counterpart in flat
spacetime, we should emphasize that the spacetime cur-
vature plays an essential role in the proper nature of the
electromagnetic and fluid four-velocity fields. The four-
velocity Uν contains information about the curvature of
spacetime through its normalization
UµUµ = gµνU
µUν = −1 , (2)
where gµν is the metric tensor with signature
(−,+,+,+). Similarly, the electromagnetic field tensor
Fµν = ∇µAν−∇νAµ is now given in terms of contravari-
ant derivatives ∇µ = gµν∇ν and covariant derivatives
∇µ. In general, covariant derivatives do not commute
[19], and thus it is convenient to deal with the covariant
version of the electromagnetic field tensor
Fµν = ∇µAν −∇νAµ = ∂µAν − ∂νAµ . (3)
2An important implication of the ideal Ohm’s law (1) is
that the electromagnetic field is Lie-dragged by the fluid
motion. This can be shown in the following way. We
substitute Eq. (3) into the ideal Ohm’s law (1), which
yields
DAµ
Dτ
= Uν∇µAν , (4)
where D/Dτ ≡ Uν∇ν represents the convective deriva-
tive along the fluid motion. Then, taking advantage of
the above relations, we write the convective derivative in
curved spacetime of Fµν as
D
Dτ
Fµν = U
α∇α(∇µAν −∇νAµ)
= Uα∇µ∇αAν − Uα∇ν∇αAµ
+UαRβνµαA
β − UαRβµναAβ , (5)
where the second line takes into account the non com-
mutative properties of the covariant derivatives. Using
the Bianchi identity for the Riemann curvature tensor,
Rβνµα +Rβµαν +Rβανµ = 0, we can rewrite Eq. (5) as
D
Dτ
Fµν = ∇µ(Uα∇αAν)−∇µUα∇αAν
−∇ν(Uα∇αAµ) +∇νUα∇αAµ
−UαRβανµAβ . (6)
Substituting ∇αAν = Fαν+∇νAα in the above equation,
and making use of Eq. (4), we obtain
D
Dτ
Fµν = ∇νUαFαµ −∇µUαFαν + Uα∇µ∇νAα
−Uα∇ν∇µAα − UαRβανµAβ . (7)
Finally, exploiting the non-commutative properties of the
convective derivatives, it is straightforward to find that
D
Dτ
Fµν = ∇µUαFνα −∇νUαFµα , (8)
implying that the electromagnetic field is Lie-dragged
with the fluid in the ideal MHD description. A different
derivation, which led to the same conclusion, was given
by Achterberg [20].
Here, we intend to take a step further by showing how
two different fluid elements are connected to each other
if the ideal Ohm’s law is satisfied. For this purpose, we
introduce the four-displacement ∆xµ of a given fluid el-
ement, which is related to the fluid four-velocity as
∆xµ = Uµ∆τ , (9)
where ∆τ is the variation of the proper time. Thereby,
two different fluid elements are separated by a space-
like event-separation four-vector dlµ = x′µ − xµ, which
establishes simultaneity between events when dl0 = 0
[7]. This event-separation four-vector is transported by
the fluid motion, and its convective derivative in curved
spacetime can be calculated to be
D
Dτ
dlµ = Uα∇αx′µ − Uα∇αxµ
= Uα∂αx
′µ − Uα∂αxµ + UαΓµαλx′λ − UαΓµαλxλ
= U ′µ − Uµ + UαΓµαλdlλ , (10)
where Γµαλ are the Christoffel symbols associated to the
metric gµν . Recalling that x
′α = xα+dlα, we have U ′µ =
Uµ(xφ+dlφ). Moreover, from the definition of derivative,
Uµ(xα + dlα) − Uµ(xα) = dlα∂Uµ(xα)/∂xα as dlφ → 0.
Therefore, we can rewrite Eq. (10) as
D
Dτ
dlµ = dlλ∇λUµ , (11)
which shows how the event-separation four-vector dy-
namically propagates along the fluid motion.
We are now in the position to show that if the event-
separation four-vector dlµ is chosen in such a way that
dlµFµν is initially zero, then dl
µFµν is always zero. In-
deed, by writing the convective derivative in curved
spacetime of the quantity dlλFµν as
D
Dτ
(dlµFµν) = U
α∇αdlµFµν + dlµUα∇αFµν , (12)
we can directly use Eqs. (8) and (11) to obtain
D
Dτ
(dlµFµν) = dl
α∇αUµFµν
+dlµ (∇µUαFνα −∇νUαFµα) ,(13)
which leads us to the connection equation
D
Dτ
(dlµFµν) = − (∇νUα) (dlµFµα) . (14)
From this equation it follows that if initially we have
dlµFµα = 0 , (15)
then D(dlµFµν)/Dτ = 0 at every time, implying that
dlµFµα will remain null at all times (regularity properties
of the four-velocity field Uα are assumed). This mathe-
matical statement represents a generalization of the ideal
MHD theorem on the conservation of the magnetic con-
nections between plasma elements [1] for a relativistic
plasma in curved spacetime.
Eq. (14) generalizes the connection equation in flat
spacetime derived in Ref. [7]. It provides also a path for
generalizing the special relativistic extended MHD the-
ory developed in Refs. [8, 9] to curved spacetime. How-
ever, while the connection equation (14) in the flat space-
time limit has a well-defined meaning, its interpretation
in curved spacetime is more subtle. In flat spacetime,
if there is simultaneity between two events, the condi-
tion (15) yields the vectorial conditions d~l · ~E = 0 and
d~l × ~B = 0, the latter of which implies that the con-
nection between plasma elements is established by the
3magnetic field lines. This result is generally expressed by
saying that the magnetic field lines are “frozen” into the
plasma. On the other hand, the condition (15) has more
complex implications in curved spacetime, and its inter-
pretation in terms of magnetic field lines alone requires a
specific choice in the way that the electric and magnetic
four-vector fields are defined in an arbitrary spacetime.
III. MAGNETIC CONNECTIONS
In order to formulate this generalization of the ideal
MHD frozen-in theorem [1] in terms of magnetic field con-
nections, we analize Eqs. (14) and (15) using two differ-
ent definitions of the electric and magnetic four-vectors.
By taking projections of the electromagnetic field tensor
onto different hypersurfaces, we highlight the conditions
that allow us to specify the connection concept in curved
spacetime in terms of magnetic field lines alone.
A. Electromagnetic field projection onto the fluid
It is often convenient to define covariant electric and
magnetic four-vectors by projecting the electromagnetic
field onto hypersurfaces orthogonal to the fluid four-
velocity. In this way, the aforementioned four-vectors
reduce to the electric and magnetic fields in a comoving
plasma frame. Following this approach (e.g. Refs. [20–
27]), the electric and magnetic four-vectors can be defined
as
Eµ = FµνUν , Bµ = 1
2
ǫµναβU
νFαβ , (16)
where ǫµναβ is the completely antisymmetric Levi-Civita
tensor, normalized such that ǫ0123 =
√−g. From the pre-
vious equations, it follows that BαUα = 0 and EαUα = 0.
Therefore, Bα and Eα have only three independent com-
ponents each. It is important to remark that the time
component of Bµ is B0 = 12ǫ0ijkU iF jk 6= 0 in general,
and thus we have a well-defined magnetic field only when
the plasma is at rest with U i = 0 (latin indices running
from 1 to 3 for spatial components). We will see how this
definition has repercussions on the magnetic connection
concept.
Since the ideal Ohm’s law (1) defines a null electric field
measured by the comoving observer, Eµ = FµνUν = 0,
the electromagnetic field constructed from the definitions
(16) can be written just as
Fµν = ǫµναβU
αBβ . (17)
Similarly, the dual of the electromagnetic field becomes
F ∗µν = −UµBν + UνBµ . (18)
Note that in this formalism, the evolution of the mag-
netic four-vector, which can be deduced from the homo-
geneous Maxwell equation ∇µF ∗µν = 0, is governed by
the equation
DBν
Dτ
= (∇µUν)Bµ − (∇µUµ)Bν + Uν(∇µBµ) . (19)
This equation differs from the standard magnetic field
evolution equation in flat spacetime, since the last term
does not vanish as the magnetic four-vector (16) is not
divergence free in general.
We are now in the position to determine the connection
condition (15) under this formalism. Indeed, using Eq.
(17) we duly obtain
ǫµναβdl
νUαgβλBλ = 0 . (20)
The above condition must be written in terms of the co-
variant magnetic four-vector (16), as this is the definition
that coincide with the proper concept of magnetic field
for an observer at rest.
Let us analyse the condition (20) in the frame where
dl0 = 0. This assumption does not affect the general-
ity of the analysis presented here, since if dl0 6= 0, one
can always restore the simultaneity between the two con-
nected plasma elements by performing the transforma-
tion dlµ → dl′µ = dlµ +Uµdλ such that in this reference
frame dl′µ = 0. Indeed, due to the validity of Ohm’s law
UνFµν = 0, this transformation keeps unmodified the
connection equation (14). Therefore, we can proceed by
evaluating the time component of Eq. (20), which gives
a scalar equation with the form
ǫ0ijkdl
iU j
(
gk0B0 + gkmBm
)
= 0 , (21)
where we have explicitly written every component of the
metric. In general, a metric can have gk0 6= 0, as is the
case for the spacetime of a rotating black hole. Also, a
general spacetime can have gij 6= 0 for i 6= j. Likewise,
the spatial components of Eq. (20) produce the equation
ǫ0ijkdl
jχkmBm = 0 , (22)
where the matrix χ is defined as
χij = gij + g00
U iU j
(U0)2
− 1
U0
(
U ig0j + U jg0i
)
, (23)
and U0 can be obtained from the normalization of the
velocity
U0 = − g0i
g00
U i +
√(
g0i
g00
U i
)2
− gij
g00
U iU j − 1
g00
. (24)
We can further analyse the condition (22). While this
condition reflects the connectivity statement for a plasma
that obeys the ideal Ohm’s law (1), its interpretation
is not straightforward and in general cannot be done in
terms of the standard magnetic field alone. Indeed, Eq.
(22) shows that the connection between plasma elements
occurs through the vector field χijBj and not the mag-
netic field. The behavior of the field χijBj is rather com-
plicated, and in general depends on the plasma fluid ve-
locity. Furthermore, it is difficult to understand its large
4dependence on different possible spacetimes where the
plasma is moving.
However, two interesting limits should be noticed from
the above equations. The first one is the limit of plasma
at rest, i.e. U i = 0. In this case, Eq. (21) is triv-
ially satisfied, while Eq. (22) establishes that plasma ele-
ments are connected through the field gijBj. This result
is analogue to the magnetic connections in flat space-
time. The second interesting limit is for a symmetric
and static spacetime, where gij = giiδij and g0i = 0.
Spacetimes that satisfy those conditions are, for exam-
ple, the Schwarzschild black hole metric, the cosmologi-
cal Friedman-Lemaˆıtre-Robertson-Walker metric, worm-
holes, etc. [19]. In these cases, Eq. (21) simplifies to
ǫ0ijkdl
iU jgkkBk = 0, whereas Eq. (22) is now written in
terms of χij = giiδij + g00U iU j/(U0)2. Even in this sim-
plified limit the connections are established by a complex
field that depends on the fluid velocity and the spacetime
metric.
B. 3+1 foliation of spacetime
In order to avoid the above difficulties, we explore
another way to define the electric and magnetic four-
vectors. Indeed, as shown by Thorne and Macdonald
[28], there are situations in which it is convenient to im-
plement a 3 + 1 decomposition of plasma and electro-
magnetic fields by projecting every physical vector and
tensor onto timelike and spacelike hypersurfaces of the
metric, in such a way to obtain a set of plasma equa-
tions that resemble those found in special relativity (e.g.
Refs. [15, 28–43]).
To this purpose, let us consider a general spacetime
described by the metric [19, 44]
ds2 = gµνdx
µdxν = −α2dt2+γij
(
dxi + βidt
) (
dxj + βjdt
)
,
(25)
where α is known as the lapse function, βµ = (0, βi) is the
shift vector (related to non-static spacetimes), and γij is
the induced three-metric on the spacelike hypersurfaces
Σt of constant time t. The timelike unit vector field nor-
mal to Σt is defined by a timelike vector field n
µ that
satisfies the normalization condition nµn
µ = −1. This
vector field has the form nµ = −α∇µt = (−α, 0, 0, 0),
nµ = (1/α,−βi/α) [28, 29], and can be interpreted as
the four-velocity of the local fiducial observer (FIDO),
which is at rest in the absolute space. The projection
tensor, whose spatial components coincide with the com-
ponents of the three-metric γij , is defined as [28, 29]
γµν = gµν + nµnν . (26)
Note that the definitions of nµ and γµν satisfy the condi-
tions βµnµ = 0 and n
µγµν = 0. Then, the 3+1 decompo-
sition is achieved by projecting every vector/tensor onto
nµ (timelike hypersurfaces) and onto γµν (spacelike hy-
persurfaces).
Under this 3 + 1 formalism, the electric and magnetic
four-vectors are defined as [28, 29]
Eµ = nνF
µν , Bµ =
1
2
nρǫ
ρµστFστ . (27)
In this description, both fields are spacelike vectors since
nµE
µ = 0 and nµB
µ = 0. Furthermore, we have always
B0 = 0 by the definition of nµ. Therefore, the magnetic
four-vector has a well-behaved magnetic field. On the
other hand, in this 3+1 formalism, the electric field does
not vanish. Thus, the three-dimensional expressions of
the electric and magnetic fields turn out to be the stan-
dard ones (as their counterparts in flat spacetimes). Note
that similar decompositions can be performed for other
plasma quantities as well. For example, the four-vector
plasma fluid velocity can be written as (e.g. Refs. [40–
43])
Uµ = αΓnµ + Γγµνv
ν , (28)
with the Lorentz factor Γ = [α2 − γij(βiβj + 2βivj +
vivj)]−1/2 and vµ = (0, vi), where vi are the spatial com-
ponents of the fluid velocity.
From the previous definitions, we can decompose the
electromagnetic field tensor as
Fµν = Eµnν − Eνnµ − ǫµνρσBρnσ , (29)
while its dual can be expressed as
Fµν∗ = Bµnν −Bνnµ + ǫµνρσEρnσ . (30)
Using Eq. (30) in the homogenous Maxwell equation, it
is straightforward to obtain a covariant magnetic four-
vector field equation that yields the standard 3D version
of the magnetic field evolution equation (see, e.g., Ref.
[40]), since in this case Bµ is divergence free. This in-
dicates that the magnetic four-vector given in Eq. (27)
is suitable to recast the theorem described in Sec. II in
terms of the standard magnetic connection concept.
We can now analyse the connection condition by sub-
stituting Eq. (29) into Eq. (15). This gives us
nµ (dl
νEν)− ǫµνρσdlνBρnσ = 0 , (31)
where we have used that dlµnµ ≡ 0 for simultaneous
events (the simultaneity between two connected plasma
elements can again be always obtained by means of the
time-resetting dlµ → dl′µ = dlµ+Uµdλ = 0 which leaves
the connection equation (14) unaltered). Therefore, we
can analyse the projections of Eq. (31) onto timelike and
spacelike hypersurfaces. In the first case, by contracting
Eq. (31) with nµ, we find
dlνEν = dl
iEi = 0 . (32)
This implies that the electric field is orthogonal to the
event-separation vector, in analogy to ideal MHD plas-
mas in flat spacetime [7]. On the other hand, the space-
like hypersurface projection of Eq. (31) yields
ǫ0ijkdl
jBk = 0 , (33)
5as n0 = 1/α, B0 = 0, and dl0 = 0 for simultaneity.
Eq. (33) tells us that, under this 3 + 1 foliation of space-
time, the connection between plasma elements occurs
through the magnetic field Bi. This result reveals that
the condition (31) is the natural general relativistic ex-
tension of the connection condition for classical and spe-
cial relativistic plasmas. Therefore, the 3 + 1 formalism
allows us to interpret the ideal MHD connection theorem
in terms of magnetic field lines alone even for relativistic
plasmas in curved spacetimes.
Finally, we prove that the condition (32) is consistent
with the ideal Ohm’s law. Substituting the electromag-
netic field tensor (29) and the fluid four-velocity (28) into
the Ohm’s law (1), we get
αEν − nνγµβvβEµ − ǫµνρσγµβvβBρnσ = 0 . (34)
Contracting it with dlν we obtain
αdlνEν = ǫµνρσdl
νγµβv
βBρnσ . (35)
Both sides of the above equation vanish, the left-hand
side by Eq. (32), while the right-hand side by Eq. (33).
Thus, the above equation is identically satisfied.
IV. DISCUSSION
The connection equation (14), with its solution (15),
allow us to prove that, in a general curved spacetime,
there exist connections between plasma elements that are
dynamically preserved if the plasma satisfies the ideal
Ohm’s law.
The identification of these connections with properly
defined magnetic connections is not straightforward and
must be worked out carefully. In flat spacetime, the mag-
netic connection concept is well-defined when we refer to
a frame where the connected elements are simultaneous.
This continue to be the case even when the reference
frame is changed, since the validity of the ideal Ohm’s
law allow us to reset the time in such a way to restore
simultaneity without changing the connectivity of the
plasma elements [7]. Therefore, fundamental concepts
introduced for non-relativistic plasmas, such as magnetic
field line motion, magnetic topology, and magnetic re-
connection, can be adopted also in special relativistic
regimes.
In order to apply these concepts to general relativistic
plasmas, the magnetic four-vector field has to be defined
in such a way to recover the standard notion of mag-
netic connection. We have shown that this can be done
through a 3 + 1 foliation of spacetime. Indeed, the mag-
netic four-vector defined in (27) allows us to maintain,
in a curved spacetime analogue fashion, the concepts re-
lated to the magnetic field line connectivity that have
been adopted for non-relativistic and special relativistic
plasmas. On the contrary, if other definitions of the mag-
netic four-vector field are invoked, the standard magnetic
connection concept is not guaranteed to hold. This is the
case for the definitions (16), where the electric and mag-
netic fields measured in a comoving plasma frame are
considered. These different definitions lead to a redefini-
tion of the connected fields that do not coincide in general
with the magnetic connections (a part for very specific
cases as the limit of plasma at rest).
On account of these reasons, the 3 + 1 decomposi-
tion of the electromagnetic and plasma quantities results
to be the most suitable approach to formulate an ideal
MHD frozen-in theorem in general relativity. This for-
malism also provides a straightforward way to generalize
the magnetic connection hypersurfaces [27, 45], which are
2D hypersurfaces that satisfy the connection condition
(15) and reduce to magnetic connection lines in a chosen
reference frame when taking sections of these surfaces at
a fixed time. Indeed, substituting the decomposed elec-
tromagnetic field (29) into the ideal Ohm’s law (1), we
find
UµFµν = (U
µnµ)Eν − nν (UµEµ)− ǫµναβUµBαnβ = 0 .
(36)
Contracting this equation with nν first, and then with
Bν , we get
UµEµ = 0 , B
µEµ = 0 . (37)
Thus, for a plasma that obeys the ideal Ohm’s law,
the electric and magnetic four-vectors are orthogonal.
The same is true for the electric and fluid velocity four-
vectors. These two conditions allow to calculate BµFµν ,
which turns out to vanish
BµFµν = (B
µnµ)Eν − nν (BµEµ)− ǫµναβBµBαnβ ≡ 0 .
(38)
Therefore, Uµ and Bµ are orthogonal to the electromag-
netic field. Hence, the four-vector event separation dlµ
lies in the hypersurface formed by the four-vectors Uµ
and Bµ. This implies that the magnetic field lines are
organized on magnetic field hypersurfaces which satisfy
the connection equation in any reference frame.
We should emphasize that the proof of the conservation
of the magnetic connections between plasma elements re-
lies only on the validity of the ideal Ohm’s law and the
homogeneous Maxwell equation. Hence, the magnetic
field line connectivity is preserved under more general
conditions than those required for ideal MHD to hold.
Finally, we remark that the presented treatment of
the magnetic connection concept provides an appropri-
ate framework to study magnetic reconnection in curved
spacetime [15, 46]. Accordingly, it is the magnetic field
defined by Eq. (27), and not another quantity, which can
be considered to reconnect in general relativistic systems.
For that reason, we believe that this analysis can help in
deepening our understanding of magnetic reconnection
in high-energy astrophysical plasmas.
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